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Abstract. A nonlinear superposition formula of the Novikov—Veselov equation is proved under
certain conditions. Some particular sojutions of the Novikov—Veselov equation are given as an
illustrative application of the obtained result.

1. Introduction

There are two remarkable generalizations of the celebrated Korteweg—de Vries equation
U + buuy; + uyy = 0 to versions in two spatial and one temporal (i.e. 2 4 1) dimensions.
One is the Kadomtsev—Petviashilli (KP) equation ’

(thy + Ottty F tygx)y + 020y, =0 (1)
where 0% = =1. The other is [1,2] '
2ty + trex + thyyy + 3(ud; ug)x + 3(u8] ' wy)y = 0. (2)

We refer to (2) as the Novikov—Veselov (or Veselov—Novikov) equation.

As is known, many integrable noniinear equations, such as the KdV in 1+1 and the Kp in
2+1 dimensions share some common features, among which are the existences of hierarchies
of equations solvable via the inverse scattering transform (IST), Lax representation, Backlund
transformations etc. It has been shown that the Nv equation shares some features as above
[1-7]. For example, the NV equation is solvable via IST (see, e.g. {3]) and has a Backlund
transformation and the soliton-like solutions [6,7].

The purpose of this paper is to prove a nonlinear superposition formula of the Nv
equation under certain conditions. As we know, it is, in general, invalid for nonlinear
differential equations to superpose their solutions although two solutions of a linear
differential equation may be linearly superposed. However, for a nonlinear integrable
equation, we can usually obtain a nonlinear superposition formula from the commutability
of its BT, and the resulting nonlinear superposition formula enables one to get some
exact solutions by the purely algebraic operations. Unfortunately, a rigorous proof of
the commutability of the BT for a general nonlinear integrable equation is lacking [8,9].
Therefore, it is neccessary (o prove a nonlinear superposition formula directly.

This paper is organized as follows. In section 2, a nonlinear superposition formula
of the Nv equation is proved under certain conditions. Some particular solutions of the
NV equation are given in section 3 as an application of the obtained result. In section 4,
some concluding remarks are given. Finally, we list some bilinear operator identities in the
appendix which are used in the paper.
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2. Nonlinear superposition formula of the Nv equation

The NV equation (2} may be rewritten as the following generalized Hirota equation (4, 6]
D.[(DiDy +2D:Dy)f - F1- 2+ Dy(D: Dy f - ) - f2=0 (3

through the dependent variable transformation 1 = 2(ln f),,, where the bilinear operator
D, D/ D} is defined as follows

3 aN'7a  aN"ra a8\
I pympyn X (S _2Nfe_93Y (O _9
DLD"Dia(x, 1, y) - b(x,t,y) = (Bx ax,) (az at,) (ay 8y,)

a(, 1, N £,y ymz et ymy -
In [6], a bilinear BT with three parameters for (3) was presented
(DxDy — uDy — ADy +AW)f - f'=0
(2D; + D} + D3 + 302D, —3aD% + 3> Dy = 3uD} + ) f - f/ =0 “

where A, p and y are constants. In what follows, we set it = y = 0 in (4) for the sake of
convenience in calculation. In this case, (4) becomes

(DxDy =ADF- /=0 (2D, + D} 4+ D3 + 332D, - 30D0)fF - = 0. 4

In this section, under certain conditions, we shall establish a nonlinear superposition formula
of (3). To this end, let fo be a solution of (3), fo # 0. Suppose that fi(i = 1,2) is a

solution of (3) which is related by fy under BT (4') with A, ie. foﬁav fii =1,2), and
that fi, is defined by

Dyfo-fu=kDyA- 2 where k is & non-zero constant . (3)

From these assumptions and similar to the deduction of [10], we have, by use of {Al) and

®
0=KDDy = D fo- filfy— UDDy = Do+ il
= — folDefi - fok Gt =M fifo T Dado- fir = 20 + ) fofa)
2 IDsfi - fot Ou =2 fifo+ 1 Dafo- fia = 10t + 2D fofily
from which it follows that
Defi- ok (= M)fifab g Defo- fin = 00+ 1) fofir = 16 1) ©

where ¢, (2, x) is some function of t, x. Here and in the following, we assume that there
exists a fi» determined by (5) such that ¢, (¢, x) =0, i.e.

1
Difi-t+Cg=2fifz+ %Dxfﬂ - f1z — “k“(li 4+ A2} fofiz=0. 6"
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In this case, similar to the deduction of [10], we have
(DeDy — MDY f1 - f12=0 (DxDy — 21 Dy)f2- fia=0
Next, from .
[0+ D3+ DI4333 D =32 D) for fil o= (2D 403+ DI+303 D, —30 DD fy- 211 = O
we have, by using (A2), (A3), (5} and (6')

- 20,4 03+ 7D} + 563 +1DDe+ 20, - xzwi]fl 5

+%[%D§ —% ? - —(x. +)D; + 2 (A; +X2)?D :lfn-fzz =0. @
Moreover, from
[(Dy Dy — MDY fo - filsfo = [(DeDy — 22D)) fo - Falu fi

+ 10 = AP Dy — MDY fo - filfa+[(DeDy = daDy) fo - Fol fi} =
we get, by using (A4), (5) and (6"), that
1

1 1 1
E[—ZD;%Dy +E(M +A2) DDy — Z(Al +l2)2DJ’j|f0 i

1 I 1
+- [ZDiDy + E(M — A2} Dy Dy - Z(lr - lz)szj[fl -fa=0. &)

Furthermore, from
[(2Dr+ D3+ D430 Dy =30, D2 fo- Aily fo—[(2Di+ DI+ D3+335 D — 30 D2) fo- Foly i
+3[(Dx Dy — A1 Dy) fo - filxx fo —3l(Dx Dy — A2D5) fo - falax i
30 — AL Dy — 2 Dy) fo- fils 2+ UDPL Dy —MaDy) fo- fal: f1} =0
we can deduce, by use of {AS), (A6), (5), (6" and (8} and by a tedious calculation,

1
0= fo){ [w, — -;-133 D =300 4 M) D2+ 303 + Agko + ASID; :|f0 fi2

1
+ [—m + Eoi — D] —3(k = 2g)D} — 303 — Aiha + 9) Ds ]ﬁ : fz}

1 1 3 3
+fn{E|z_Dz - ZD;;-}- 4D3— Z(A.: +;\2)D§+-2-)~1l20x]f0'f22
+[ D-ipr i Ipsa 26, a2 3119}‘ f]
-0y - =D - —lA] — Az — aAatALx 1) 2
2 TET Y =72 y

_foy{ |:2D,+ DI+ - D3——(A1+12)D2+ (A2+A2)D}fg fiz

+[i ¥ 3D3—‘(11‘-12)D ——(M—lz) Dx}fl fz}

1 1 1
+ fo{—[—Dz 8D3’ - gDs g(ll + i) D2 — Z@% + Ag)Dx]fo - fiz

3 3
+|~=Di 4+ D3—|——(A.[—JLZ)D§+—(M—lz)ZDx fi- fo
8 8 8 4 v
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which implies that
[2D; + §D} + 4D — 3Gu + 2) D} + 3\ + 33} D] fo - fio
+4[3D3 - 3D} = 204 — M) D2 = 300 ~ M DR fi - B =t X)
©)

where ¢ (¢, x) is some function of ¢, x. Furthermore we assume that fi2 determined by (5)
is chosen such that ¢;(r, x) = 0. In this case, we have

[2D + 5D+ 1D — 20. + ) D+ 30 + 2D D: ] fo - fia
+k[3D3— 3D} — 300 —A)DE = 00 — 2V’ D: | fi - 2 = 0. (%)

Finally, we have

—[@2D; + D} + D} + 333D, = 382D fi - fizl fo
=[@D; + D3+ D3+ 30D, + 30, DD fi - Aol fiz
~ (2D, + D2+ D24 303D, — 31D2) f1 - fulfo

YD _2fDfo- fiz = 3FiyyDyfo- fia+3F1,(Dsfo - Fiady

— s D} fo- fiz+ 3Dy fo - Fiodwyl = 3f1uxDifo - frz
+3f1,(Defo- fide — AP fo - iz +3(Ds fo - fizdsa)
+303 = 2D fie fofia — 30T = AD AR fide — 303+ D ADSo - fro
+ 3(h1 4 A2) fiex Jo Siz — 32 4+ A2) fie (fo fide — 3(h1 — A2) f1,. D5 fo - iz
+ 3 fi(h1 fore Jio + A2 So 12,

=" =2fiDifo- fiz—3kf1, Dy i - L+ 3kN,(Dyfi - 2y
—LALD fo- fra +3(Dy o fiadyy] + 3k i Da + G = 21 - fo
=3k fi, A[Ds + (M = 221t - fale — $AIDL fo- fiz +3(Dxfo - Fiddee]
+3k(Mt — A2) fie[ Dy + Ot ~ A1 f1 - o — 2003 = M) A1 (fo finds
=33+ 23D ADfo- frz + 30 foxe frz + Fa fo frzzs)

D A{-2Ds fo - fr2+ 3k Fiyy fry — 3k Fiy frye — D3 o Fro = 3Dy fi - Fadyy
= 3k figx for + 3k(A1 = M) fi o fo 4 3k fiyg frne — OR(Ay — h2) f1p fox
—1D3fy fio— 2D fo- fidex + 300 — M) figfo — 2T = AD(fofirds
= 303 +ADD:fo - fro + 300 — M) (Defo - fizds
+ 200+ ADID2 fo - fia+ (fofizdesl}

D f(-2Dfo- fro— 1D fo- Fa— 1D o fa— 203+ ADDsfo- fir
+ 300 + D D2 fo - fra+ 3k fiyy foy — 3k Ay fayy — KDy FL - fadyy
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=3 fixe fox + 3k = M) fixe fo 3k fix Faxy — 6K(ha — A2) fi, fo,
+ 300 — 42)? fip fo + FKI(Dx + g — A f1 - folex
— 2k — A(Dx + Ot — 22D fr - fale}
=f{—-2D.fo- fis — §Dfo- fiz = 5D} fo- fia — 33 +A)De fo - fin
+ 20+ r)D2fo- fro— 3Dy fi- fo+ DL fy - o+ Skl ~ 2)DEf1 - o
+ 3k = 22Dy fi - )20
which implies that :
2D, + D+ D3 4+333D, — 30D fi - frn = 0.
Similatly, we can show that
(2D, + D} + D3 + 301D, ~ 30 DD fo - frz =0.

Thus we have shown the nonlinear superposition formula (5) of the NV equation (3) under
the conditions ¢;{¢, x) =ca(t,x) = 0, and fi3 is a new solutior of (3).

3. Some particular solutions of the NV equation

In this section, we are going to derive some exact solutions of the NV equation from the
BT (4’) and the nonlinear superposition formula (5). We seek particular solutions of the NV
equation via the following steps. First, choose a given solution fp of (3). Secondly, from

BT(4") we find out f; and f» such that fg—> fi(i = 1,2) and further, get a particular
solution f]g from (5). Then a general solution of (5) is fiz = c{z, x) fo+ f12 {(where ¢(z, x) is
an arbitrary function of ¢, x). Finally we substitute fi; inio (6) and (9). If c(¢, x) can be
determined such that ¢1(¢, x) = ca(g, x) = 0, the corresponding fj» is a new solution of the
NV equation (3). In what follows, we give four illustrative examples.

(@) It is easily verified that

/”‘*’" %
-

PL— Dy em—}-e’”—uem*"l.
\ pL+ g1+ g2
\% -2

14e™

Therefore (p1 — pz)/(p1 + p2) —~ e +e™ — (g1 - q2)/{gt + g2)e™ ™™ is a solution of the
NV equation (3), where 7; = pix + iy — 3(p} + ¢)t +1° and pi. g;, 17 are constants
(i=1,2)

(b) 1t is easily verified that

P15 h o _ LT DB
= gl g — ——— ™
AR pitps gr+4gs 2
1+efh F
-
>‘ LD — e et o q1— 4 e 4

P+ p2 a1+ 42
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where

pofrT P AT Pz P2—pP3 P2— P3c,,, +P1 TP _Pr— pze"-‘+q] - Qze,,]+,,2
PLtps pitpr prtps P2t ps pL+p3 p+p gt q
L 2B  BD e (1 = gs)g1 — 42)(92 = 45) y 4mpey
g2 + gs g1t g3 (g1 + g3)(g1 + g2)(92 + g3)

and n; = pix +qiy — 5(p? + gt + 1, pr, i, 1 are constants (¢ = 1,2, 3). Therefore F
is a 3-soliton solution of (3).

{c) It is easily verified that

4 4
Ay t(ltyi=Zyp L er,
]\ / y+(+y qy+q2)
~
» 1+e" 0

Therefore —1 — y2 4+ (1 + y* ~ (4/q)y + (4/g*))e” is a solution of the Nv equation (3),
where ) = px -+ qy — %(p3 + gt +1° and p, g, n° are constants.

(d) It is easily verified that

I .4
7T
P Y A U .3 i)n
1\ / ’+3}+(t sV YT e
RS 1 <" 0

Therefore —¢ + 1y* + (t — 1% + (2/q)y* — (4y/q%) + (4/¢°))e” is a solution of the NV
equation (3), where 1 = px + gy — 1(p* + ¢*} +1° and p, ¢, n° are constants.

4. Concluding remarks

We have shown a nonlinear superposition formula of the NV equation under certain
conditions. As an application of the obtained result, we derived some particular solutions
of the NV equation. To our knowledge, the solutions given in examples (¢) and (d) are
new, while the solutions given in examples (@) and () are two-soliton and three-soliton
solutions respectively. Further the iterative use of superposition formula (5) enables one to
obtain more solutions of the NV equation. It is noted that the NV equation is symmetric in
x, ¥. Thus more solutions of the NV equation may also be obtained. For example, from the
solutions derived in section 3, we know —1 — x? + (1 + x? — (4/p)x + (4/p) exp(px +
gy — 3(p* + g*)t +1°) is also a solution of the NV equation (3). Finally, concerning (2),
we can also consider the following dependent variable transformation

w=up+2(In ey tp is a constant.
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In this case, (2) may be rewritten as
D DDy + 2D, Dy +3uD2) f - £1- 2 + Dy[(D: D3+ 3ueD)f - f1- f2=0.  (10)
Equation (10) is, in fact, a special form of the following equation: :
D:l(DiDy + oy D2+ P10 Dy + 81D, Dy + 8:D2) f - - f*

+ Dyl(@:D: D} +028:D}) f - £1-f2 =0 ~an

which is considered in [6]. Here ay, o, 1, 81, &, are arbitrary constants. A BT for (11} is
presented as follows [6]:

(DxDy — Dy —ADy + hp 4+ 38)F - /=0
(81D + D} + caD} + 1Dz + 01 Dy + 332Dy ~30D% +3u*Dy —3uD5 + ¥)f - f =0

where A, i,y are arbitrary constants. Similarly, we can also consider the corresponding
nonlinear superposition formula.
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Appendix

The following bilinear operator identities hold for any arbitrary functions a, &, ¢ and &:

(DyDya - bye — (D:Dya-c)b = —a; Dyb-c —a, Db -c + éa[(Dxb <€)y + (Dyb - )]

(A1)
(Dia bye—{(Dya-c)b=—abDb ¢ (A2)
(D3a-b)c— (Dla-c)b = —3a,Db-c+3a,(D.b-c), — -a.[D3b ¢+ 3(D,b - ¢);]

(A3)

(DyDya - by — (D Dya - €)5b = —axx Dyb - € — ay(Dyb - ¢), + LalDZDyb - ¢
4 (Dyb - )ex + 2Dib - O] ' (Ad)
(Dya-bYyc— (Da-c)yb =a,Dyb-c—ayDib - ¢ — La[(Dyb - ) + (Db - €)y] (A5)
(Dla-b)yc — (Dla-c)yb + 3(DxDya - bYexc — 3(DpDya - €)ib
= —20y; Dyb - ¢ — 305 [(Dsb - )y + (Dyb - €);) + 34, ID2Dyb - ¢
+ 2D - ey + (Dyb - €)xx] — ay[D3b - ¢ + 3(Dib - Oz + 3al(Db - )

+3(DIDyb - ¢)y + 3(Db - uxy + (Dyb - erx] (AG)
(Dia - b)ye — (Dia - c)yb = —2ay;y Dyb - ¢ + 5ay[D3b - ¢ + 3(Dyb - )y
—3alDb-c+ (D, - o)y, (A7)

(D):D}'a <b)ec (Dnya E)b = zaxxybc axx(bc)1 zay[Dib <€ (BChe]
+ Yal(be)sy + (D26 - )y + 2(D: Dyb - €)1 (A8)
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